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Abstract. We use a generalization of the relativistic Grad equations when time reversal
symmetry for the scattering matrix does not hold, in order to obtain a new set of transport
equations for a gas in the vicinity of the Jiittner-Synge equilibrium. In the particular
‘Fourier situation’ our heat equation very much resembles that of Cattaneo and Vernotte.
However, when PT invariance is introduced, this equation reduces to the usual Eckart-like
one. Nearly identical conclusions are obtained for a ‘Bel-like’ gas.

1. Introduction

In two fundamental papers (Anderson 1970, Stewart 1971) a relativistic version of the
Grad method of moments for constructing approximate solutions of the Boltzmann
equation, has been introduced. As has been remarked by Anderson, this method has
some advantages over the older Chapman-Enskog-Hilbert method, and, in particular,
it leads to the phenomenological ‘Eckart’ transport equations (Eckart 1940) for heat
propagation and the shear and bulk viscositiesT

q° =—«kh" 6, T+ Tu,) ¢
7 = —no. (2)

In Anderson (1970) and Stewart (1971), and also in earlier work by Chernikov
(1964) and Marle (1969), the assumption was made that the ‘scattering matrix’ is
invariant under both time reversal and space reflection; that is, if
W(p,q;p', 9")f(x, p)f(x, Q)wpwwyw,m gives the number of collisions in the four-
volume 7 at x”, between particles with initial momenta p, g in the ranges w,, w, and final
momenta p’, q' in the ranges w,, w,, the assumption made (which we shall call ‘PT
invariance’) is that

Wip,q;p,q)Y=WI(p'.q';p,q) (3a)
the four-momentum being conserved in collisions, i.e.,
p*+q"=p”+q". (3b)

t We shall use signature +2 for the metric of the space-time manifold V,, and the Einstein summation
convention, witha, 8,...=0,1,2,3and i,j...=1,2,3. k® is the projection tensor A** =g + u’u”, and
u* is the four-acceleration of the fluid, u* =u”V_u*, u” being the field of fluid mean four-velocities.
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1862 E Alvarez

The aim of this paper is to explore the consequences of relaxing these assumptions.
We believe that this paper has an interest which is not only formal, because as Bel and
Martin (1975) have shown, in the framework of a predictive relativistic mechanics,
hypothesis (3b) (conservation of ‘kinetic four-momentum’ in collisions) appears to be
justified only when the system is conservative. (Up to the first order in perturbation
theory, an example of a conservative system would be a short-range Poincaré-invariant
predictive system, which satisfies Newton’s law and is invariant under time reversal.) In
particular, if, when studying the electromagnetic interaction from this point of view, one
adopts the retarded Lienard-Wiechert potentials, the system is not T-invariant and the
theory does not lead generally to (3b).

Of course, the scattering experiments performed put a severe upper bound on this
non-conservation over the usual range of energies; say, the quantities

t“Ep“+q"—p”“—q’“

must be very ‘weak’. This fact will be used in the sequel for generalizing the usual
‘normal solution’ approximation. Physically, it is possible that this kind of ‘non-T-
invariant’ interaction plays an important role in ‘initial’ (R/Rg« 1) cosmological
situations, but in fact it is not clear that a classical (non-quantal) theory, such as the one
developed in this paper, could be used for this purpose.

The kind of physical situation that we had in mind is then, an idealized ‘cosmological
collisional gas’ which is not very far from equilibrium. It is well known that the
Jiittner-Synge (Boltzmann equilibrium) function is not compatible with Robertson-
Walker space-times, and so in § 5 we carry out the calculation for a gas very close to the
Bel (‘Liouville equilibrium’) situation, which elsewhere (Alvarez 1976) has proved to
be compatible with expanding universes.

The first problem that we must solve is, then, that of obtaining information
concerning non-equilibrium solutions of the relativistic Boltzmann equation, when the
distribution functions differ from the local equilibrium distribution by a small amount,
in the general situation where no symmetries are imposed on the scattering matrix. We
shall, then, in § 2, generalize the Grad method of Anderson and Stewart, introducing in
§ 3 two types of approximation, which we think are simpler generalizations of the usual
‘normal solution approximation’. Then we obtain the transport equations correspond-
ing to these approximations, studying their limits when restoring the symmetries (3) of
the scattering matrix.

Then, in § 5, we shall study the same problem, but taking the local Bel function (Bel
1969, Alvarez 1976) as the zero-order distribution function, instead of the Jiittner—
Synge function, in view of possible applications in cosmology.

2. The generalized Grad equations

Our purpose is to solve the Boltzmann equation
ZX)f(x, p)=Q(f. /) 4)

where Z(X) is the Lie derivative with respect to X, X being a vector on the phase space
P(V,) with components

X=(p*, @ =-P,p"p".
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The one-particle phase space P(V,) is defined as
P(Vy)={(x,p),xe Vs, pe P},

P, being the mass hyperboloid at the point x of the space-time manifold V,, i.e. the set
of vectors,

P.={pe T,,p2= —mz,p°>0}.

The second member of the Boltzmann equation is written as (Lichnerowicz and Marrot
1940)

Q(f,fH= J{f(x, pf(x, ¢ )Wi—f(x, p)f(x, ) Wplwpwyw, (5)
w, being the invariant volume element on P,,
dp' ndp® adp’
el ——
|80aP°|

and Wy and Wy, being related to the scattering matrix W, defined in the introduction,
by:

w, =

Wo=W(p,q;p'.q") Wi=W(p'.q'sp. ).

Obviously, when PT invariance (3) holds, one must write Wp = W1,

In order to solve the Boltzmann equation (4), we shall consider only small deviations
from ‘equilibrium’, fo(x, p), which we consider, in this paper, to be a local Jiittner-Synge
functiont, i.e.,

folx, p)=B(x) e, (6)
where B(x) is related to the ‘particle number density’ n(x”) by

L A
4mm’Ky(y)’

y being defined through A°=A%=m™>y?; that is to say, we expand the distribution
function of the gas, f(x, p) as

B{(x)=

f=f fo A, (X)H*™ (x, p), )

n=

H*"(x, p) being an orthogonal set of polynomials in the momentum, with f, as the
weight function, n representing the order of the polynomial and e, a generic ‘vector’
index, i.e.,

I'Ia"EI'Ia1 n aanEaal.‘.an'
We impose the orthogonality of these polynomials:

(H*, H*)= j folx, pYH™ H*w, = M*5™ ®)

and construct the polynomials by a Schmidt orthogonalization procedure. We begin
with H° =1, and take (details are given in Stewart 1971)

H* =p* —af(x").

T We shall assume that all the particles of the relativistic gas possess the same mass, say m > 0.
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Then, as (8) implies that (H°, H*)=0, we get
at=N4A,!
M*® =(H*, H?)=T{*—~NsNs A, ', 9)

where Ao, N% and T3F are the first three moments of fo(x, p):

A= J' folx, p)w, o= jfo(x, p)p‘w, T3 = Jfo(x, p)p°pPw,.

One then decomposes
H* =p*p® —afyH" - B**

and gets equations similar to (9) for a$?, B8** and M*** by imposing (H**, H") =
(H*®, H®?)=0. Finally, we also need

H*® = p°pPp” —a$F}H™ — B*P{H® —y**". (9b)

If we multiply (7) by H", and integrate over the mass shell, P,(p), we get
M:,’B(x")a,;" (x)= Jf(x, pYH™ (x, p)w,. (10)

The first three equations of the set (10) (i.e. those corresponding to n =0, 1, 2) are
Aoao =A
Mas=N*—-NjAA7' (11)
M™*7q =T —a$? (N"-NJAAL)-TFAA

where A, N® and T** represent the first three moments of the distribution function
fGx, p).

We further assume that some of these moments are related to the moments of
fo(x, p) by simple relations; explicitly, we impose the ‘matching conditions’

SA=A(x")—Axx")=0

(12)
u,0N? =u,(N° ~Ng) =0

u” being the unitary (u®=—1) vector colinear to N§ (i.e. to A” in (6)); that is, the mean
four-velocity of the fluid. The physical meaning of the matching conditions (12) is that
the natural requirements that the particle number density and the trace of the
energy-momentum tensor (T, = —-m?A(x)) using f, must be the same functions of their
arguments as they are when calculated using f,. In the usual (‘T-invariant’) situation
(Anderson 1970) one needs three more conditions to completely specify the problem;
conditions that define the local rest frame, i.e. fix u”, and are normally taken to be

N* = Ng. (12b)

But as we shall see later, these ‘Eckart’ matching conditions are not compatible with our
generalized form of Grad equations, so we will choose the weaker form (12). We
decompose, as usual, the different tensorial quantities which appear in the calculation in
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terms of the two tensors at our disposal, i.e. g, and u,,:

a,=K,.u,+K,, (Kpuut =0)
Gy =Lo.uu, +L1g,,+2L,u,,+L;,, (Lyu* =L3*=Ls,u"=0)
af?, =ciuuPu, +c,g%%u, +cug?,
M =M, uu® + Mg
M*° =M uuPu"u® +M2g""3u’u's +M3u"uBg75
+ Mau“gPu” + Myg™ g% + Meg™g™

(13)

and also the moments of the two distribution functions (the zeroth-order one, fy(x, p),
and the one we wish to calculate, f(x, p):

[s3

0
No=nou” =P,
m

T6? = (ko +po)u”u® +pog™”
N =nu® +j° (jUs = 0)
T = (u+p)uu® +pg™ +2q4“uP + 7 (4t =770 = 7Pug = 0).

(14)

Using the matching conditions (12), we first obtain

n=ng w—3p=uo—3py,

and by substituting the decompositions (13) and (14) in (11), and after some algebra,
one gets:

ap=1

K;=0

M K5 =%

w? = ML$?

2q% = (2Ms—~M,)L5+csMLK5
TEP‘P0=%L0(3M2+M5)-

(15)

The set of equations (15) allows us, then, to relate the basic ‘transport’ quantities, i.e.
the ‘diffusion flux’ j, the ‘heat flux’ g® and the ‘bulk viscosity’ 7, to the orthogonal
polynomials defined by (8) and the coefficients a,,, in the expansion (7} upton =2. Up
to now we have not used the Boitzmann equation. The basicidea of the Grad method of
moments is to truncate the series (7) at n =3 (i.e. to suppose a,, =0 if n=3), to
substitute it in the Boltzmann equation (4), (5), and linearize it in order to obtain
equations for the first two coefficients a,, (n =1, 2). By substitution in (15) one then
gets the linear transport equations.

1 Itis to be noted that when one imposes the usual ‘Eckart’ matching condition, 8N” =0, i.e. j* = 0, one gets
K5 =0, that is,

a, =0. (15b)
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To accomplish this operation, one starts from the Boltzmann equation, multiplies it
by p™ =p™ ...p™ and integrates, to obtain

[p200s0c, prsy = [ (Wir(p)1(a) - W)@ (16)
with
0=, Aoy Aoy Aoy

Now we use a known theorem (see, for example, Stewart 1971)

[ e f pop = | ot ey
P(x) P(x)

and also substitute the truncated developmeht (7) in (16), for f(x, p):

2

fsz EO aa"H"n
thus getting
o™ (X7, Pty =, a2y, (CB%(x) = D=2 3) (17)

where

B ()= [ p HP () H™ @)l pold) Wi

DB(x)= [ p*HO (D) H™ @)fop)fol) Wowr*

From (17) one gets, independently of assumption (3),

V.N*=0
and when (3b) holds
v, T*=0. (17a)

If we now linearize, i.e. eliminate the products of type ag.a,, with r or s # 0, from the
calculation, we finally get

2
V# J’pa,,puf(x, p)wp = ZO ap,Ba"ﬂ' (18)
where
B*Fr= B0 C* B — DB D08, (18b)
One can show, independently of assumption (3), that
B%’=B% =B =g B*¥* =g, B =0, (18¢)

and from the self-orthogonality of the Grad polynomials, g, H*" =0
8uB™* =g, B =0. (184)

All the information we get from the Boltzmann equation is then contained in equation
(18). In order to later obtain a more manageable set of equations, we decompose the
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first ‘collision integrals’ B in terms of the basic tensors at our disposal, g** and u®, in
the known form:

B**=""Buu* + ”Bzg“"
B** =B u*u*u* +(¢ "B, -3 lsz)u"‘g“" +2 lszg“("u")
B?*=""Buufu* +(*'B,~3*'By)g*Pu* +2 *'B,g* “uP (19)
B®*=2B u*uPutu” +22B2g°"3u“u” +%Buu g"” +22B4u(°’g3)(“u”)
+ 2zBsga(ng)p + 2286ga5gy.u.
We shall also make use of the third moment of the zeroth-order distribution function,
which we decompose in a similar manner:
S6%= Jfop"p" P, = wolt “uPu* +3¢ou g™’
(20)
s = pr“pﬂp“wp = wuufu” +38ug™
For n =0, 1, 2, equations (18) then clearly read
V.NY=0
V.T** =B*°+a,B** +a,,B*" (21)
V.8 =B+ q,B*** + a,,B**.
We introduce the notation
V.T*=B""+V, T
V.S =B+ v, §P
so that we can write equations (21) in the form
V.N“=0
v, T** =a,B** +a,,B**" (22)
VS8 = q,B*** +q, B

which we call ‘generalized Grad equations’.

When ‘PT invariance’ (i.e. equations (3a), (3b)) holds, some collision integrals B*f
reduce to zero. Explicitly, when (35) holds

B*f =0 (23)
and when (3a) holds and, in addition, Q(fo, fo) =0

B**°=0,
so that

V. T =V, T, V.S =V §obm,

If, in addition, we suppose the ‘Eckart matching condition’, N* = N, that we have seen



1868 E Alvarez
to imply (15b) a, =0, we recover the usual relativistic Grad equations, as given by
Anderson and Stewart:
V.N*=0
V. T* =0 (24)
V, 5% = g, BFH”

However, our aim is to solve the more general equations (22). In order to do this, we
make use of an approximation which, in our opinion, is the most natural generalization
of the usual normal solution approximation.

3. The generalized normal solution approximation

Let us recall (Stewart 1971) the way in which the normal solution approximation is
introduced in the usual (‘T-invariant’) situation (i.e., when equations (24) are valid).
The fourth equation of the set (10) (i.e., the one obtained for n =3) is

M7 a5, = 87—~ S5~ a 3T - T3)
where a$?Y, is defined in (95). But we have truncated our series (7) at n = 3, s0 a5,,=0.
This implies
SBY = §BY 4 o %BY (T%€ — TZ%)
and the third equation of the set (24) reduces to
V,857 4V, [a P3(T% - T$)] = 4, B+ (24b)

which is to be solved for AT** =T~ T in conjunction with M** ’aa.ﬂs = AT
(obtained from the third equation of (11) when the Eckart matching conditions are
introduced). When the second term of the left-hand side of (24b) is neglected, this
equation can be solved algebraically for AT* in terms of gradients of the equilibrium
quantities, i.e. we obtain a normal solution.

We can then say that the usual ‘normal solution approximation’ formally consists of
writing the third equation of (24) as

V.S¢% = a,, B (25)

i.e., we suppose that the covariant derivatives of the third moments of the two
distribution functions are equal (to this order of approximation):

V.S =v,S5P~,

However, in the left-hand side of our equations (22) V,$*** appears instead of V LSP
The natural approximation in our situation is, then,

VP =7, 858, (26)

This approximation is valid only when both the T violation is ‘weak’ (i.e. we can
write V,, Sk ~ V,.S%?*, and we can also write (25) (i.e. the microscopic time and length
scales are much shorter than the macroscopic ones). We shall call this approximation
(26), and the equations obtained from it, the ‘first level’ of the approximation, because
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we can introduce another level, i.e. in addition to (26), the local ‘conservation
equations’
v, 1 =0. (27)

We shall call calculations done with (26) and (27) the ‘second level’ approximationt.
Introducing now the decompositions (15), (19) and

V#TA"’“ETIu“+7A"; T2u, =0
VS0P =Souuf +5:8° +28,uP’ + 55° (28)
S,%u, =83, = S;“BuB =0
in our generalized Grad equations (22), we get
4T,=3Ly("’B;-2"*B,)
T3=K5"'B,~2L5 "B,
4Sy= Lo[3(**B,—*B,) +4 *’Bs]
48, = L3 **B,+%Bs)
285=2""B,K5+(2*Bs—*B,)L}

S3F=2*B. .

(29)

It is obvious that
25V, 507 =—-m’V,N§=0

so that the coefficients of the decomposition (28) are not at all independent; they must
verify S, =4S,. As these coefficients are related to the ‘collision integrals’ “*B, by the
generalized Grad equations (29) there is an integrability condition, i.e.

2p 2B .42,

This condition is identically verified, because the equations (18¢) and (18d) impose on
the coefficients of the decomposition (19) of B***” the conditions

2B,="'B, -2B,+4%B,+%B,=0 ~2B;+%Bs+4**B¢=0.

We note that the ‘second level’ approximation imposes some restrictions on the
coefficients “’B,: (27) implies T,=0, and from the first equation of (29) we get
1231 =2 lsz, another integrability condition, which can be interpreted as a condition
on the form of the admissible scattering matrices. A sufficient condition for the
verification of this equation would be the verification of T invariance.

4. The transport equations

We begin by analyzing the first equations of the set (29). One can easily show (using
(14)) that when restoring PT invariance (we shall denote this by lim(PT)), this equation

t The physical interpretation of the approximations made must possibly be a kind of series development in
two parameters: one related to the quotient between microscopic and macroscopic time scales and the other
related to the non-conserved ‘momentum’ 1% =p” +4” —p'* —q'®. Of course, in the usual ‘T-invariant’

situation, * =0, and only one ‘parameter’ is relevant: both levels of our approximation reduce to formula
(25).
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reduces to the usual expression for the local conservation of energy:
hHm+p)8+mPos+q,+q%, =0 (30)

where 6(=u?,) is the scalar expansion rate, w.g (= U[e,5]+ UaUp)) is the vorticity tensor,
Oop (= Ua,p) T+ Ualip) —%Oh,,g) is the shear tensor, w(= (%w,“,w”")l/z) is the vorticity
scalar, and o (= (%0“,,0"“')1/ %) is the shear scalar.

In the general situation (where neither (3a) nor (3b) holds), this equation is then a
kind of ‘diffusion equation’ and can be written as

o+ +p)0+ 7 Pas +q 7 + 9%, =3Lo(°B1 -2 °By). (31)

Next, we solve the other equations of the set (29). To do this, we recail that for the
Jittner-Synge function the coefficients of the decomposition (28) can be written as

4150=51 =500(§"F"F/Yh)

S§=—/\h“"[ﬁ+(l> ]
Y Y/ e

(32)
A=m Qﬁ 2
=mpo dy Y
Sgﬁ = 2§00’aB
where y =m/kT and the relativistic enthalpy, h(vy), is defined by
pot+po_ Ks(y)
h =E——=——"
M= e Kol
K, (r) being the Kelvin function of order n; I is the ratio of specific heats
297
d
FEEE= ;Y lh : 'E—h'
¢ Y h+1 dy
A comparison of (32), (29) and (15) immediately yields
o _ apf
7% =—-no
22 (33)
n=-2¢0(Ms/""Bs)
and
T=¢0 (34)
with
¢ —mfo(s I—T/vh).

These two equations, (33) and (34), are exactly the same as the usual ones. One can
then say that the shear and bulk viscosities are not affected by the removal of the T
invariance hypothesis (3).

Using the decompositions (14) for 7*# and T§? it is not difficult to show that

’fZa = haB(TpB - T?)B);p = la + ta
with
I, =gq, +q"(§0hpa = Uglly + Wop +00,) — 21,5, +4no-2ua

t, = 0,7+ 71U, +41I0,.
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Next, by using the following equations of the set (29):
T5=K3"'B,~2 "BoL3
285=2%'B,K3+(2*Bs~*B,)L}

and the fifth of (15),
2q% = 2Ms—My)L5 +c3MK5

one gets the ‘first level’ heat equation

4, [(1+3DsD30)h™ + DgD3 (0™ + 0™ — u1i”)]+ DeD1¢”

=2DsD5(no™*),, —4nDeD3o*u” — D¢D3h*"r.,
—4D¢Dsru” —/\D3h°‘"[ﬁ+ <l> :l (35)
Y Y/ e
where
Dup, =2 BAAM My My (B B
2[4 °°B;“"B,+ "B,(2 °“"Bs—““B,)]

"' By(2Ms—M4) — ;M3 (" Bs = **Ba)

4B,*'B,+B,(2*Bs—"B,)

D;

When there is no energy flux different from the heat flux (this situation leads classically
to the Fourier equation, so we shall call it the ‘Fourier situation’), i.e. c®* =™ =0 =
u® =0, our equation (35) reduces to

q° +DeDsg" = —AD3h3,(1/7). (36)

This equation (36) is formally very similar to that proposed by Cattaneo (1958) and
Vernotte (1958) for solving the problem of the parabolicity of the heat equation. In
fact, the equation for the propagation of temperature associated with (36) is hyperbolic
whenever k = DsD;, the ‘second heat conduction coefficient’, is positivet.

In the second level of the generalized normal solution approximation

A

T3=0
which implies, from the third equation of the set (29)
K3=2rL3 r="B,("'By)".

Substituting it in
285=2%"B,K5+(2**Bs—**B,)L%
and

2qa = (2M5_M4)L‘21+C3M2K‘21

T Infactisit not clear that the problem of the infinite velocity for the heat propagation is of relativistic origin; it
can equally well be interpreted as a result of the way in which transport equations are obtained (expansion in
powers of a small parameter) implying that physical phenomena are dealt with on a new scale of length and/or
time. From this point of view the basic reason why the velocity of heat propagation is infinite is that these
changes of scale do not preserve the light cone but rather tend to make it flat. I am grateful to the referee for
clarifying this point for me.
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one gets the ‘second level heat equation’
== (1) ] a7
Y Y e

where

Equation (37) is identical to the usual Eckart-like one, but the expressions for A
coincide only when r = 0.

5. A Bel-like gas

We can also carry out these calculations for a Bel-like gas, i.e. one for which the
distribution function is a ‘perturbation’ of the Bel function (Bel 1969, Alvarez 1976)

fo=B(x) exp(uapp“p*) (38)
with
Happ® P’ =—2°m HE*-m?).

It is easily shown that a Bel-like gas satisfies
no= amBm3z
wo=mVwBm*UG, 3, 2)
3po=mVaBm* (UG, 3,2)- UG, 2,2)) (39)

fo=3nom’z""

Wo=m 2”0 + 6§0
where Ula, b, z) is the Kummer function, and the physical interpretation of the variable
z in uniform space-times

ds?=—(dx"? +R2K26,»,~ dx' dx’

is z=¢’R’m?, { being a constant, related to the inverse of the ‘temperature’ by the
formula ¢ R*=(2mkT)™". In order to obtain transport equatiors, we shall assume in
this paper that f; is only a ‘local’ equilibrium function, i.e. both z and B are functions of
the position.

tWe note that when one uses the ‘Eckart’ matching conditions N* =N§ (i.e. a, =0, which implies
K, =K, =0) our generalized Grad equations (29) are soluble only when PT invariance is restored, i.e. when
these equations read

T5=0
285=(2%Bs-"’B,)L}
which imply equation (37) with

2A425—A'!24

Py i
272p, -2,
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In order for the first two moments N& and T5° to be conserved, we must have

3y B
yB‘9
B=0 (40)

1 4

¥B , &
Poh*, 5= =(sto+ po)is* + h*, (swo - 2m?y*~1)p) yy

where y=m~'z"/? and B=u"V,B.
We can also easily show that for an f, given by (38) the coefficients defined in (28) are
given by

So=8,=0
S =2¢00"" (41)

s5= Vh“,,(up—i?)

where
V=£62m’y* +4-pops’).
Nowt we can solve the generalized grad equations (29) for our Bel gas, getting
7=0

(which is perhaps an interesting result, since it implies that the bulk viscosity is null for a
Bel-like gas) and equations (33), (35) and (37) which we have obtained for a Jiittner—
Synge-like gas; the only difference being that the variable vy is substituted by y and

A(Ben = yfo(liopal - 2m2y2—4) 42)
and
A ety = A ey D (43)

Thus, the usual coefficient of thermal conductivity, A, becomes null not only when
D; =0, but also if

o= 2(m’y*+2)po=[(m/kT)+4]p,.

Of course, a glance at equations (39) shows that this ‘equation of state’ (as the one for
which A;s is null, i.e. A(y) = constant) is never exactly satisfied for a Bel gas.

6. Conclusions

In order to calculate the limit of our first level heat equation (35) when PT invariance is
restored, it is useful to write it in the form

q° +DeD5T5 = D555 (44)

11t is to be noted that the use of the generalized normal solution approximation has, in the Bel situation, a
different meaning than in the Jittner-Synge one, owing to the fact that Q(fges, fge)) # 0.
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We first note that
2M5—M4+2C3fM2

im(PT)D; = 277 B,+27B,- 7B,
and
. 2UBo(2Ms—My)—csMa(P*Bs—*°Ba) 0 mnr a
lim(PT)(DsD 1) = 22M;s— M) —c3M,("Bs 4)(K2—-2rL2)

2(4f 'B,+2 *Bs—**B,)

denoting by 7 =Hm(PT)r. Thus we see that we recover the usual Eckart equation only
when 7=0 and K5=0. This result could easily be expected, because when the PT
symmetry for the scattering matrix holds, the two levels of our generalized normal
solution approximation are equivalent; the lim(PT) of equation (37)then being the same
as that of equation (35).

To summarize our results, we have obtained a new set of Grad equations (29),
generalizing the usual ones when PT invariance does not hold. To solve these
equations, we have introduced the normal solution approximation in two levels; in both
levels we recover the usual formulae for the shear and bulk viscosities. In the first level,
we have obtained a new heat equation that leads to a hyperbolic heat equation in a
‘Fourier situation’, and in the second level it reduces to the usual Eckart-like equation
when PT invariance is restored.

We have also obtained the result that the bulk viscosity of a Bel-like gas is zero,
which agrees with the fact that this function is compatible with non-stationary space-
times. The physical meaning of this result is that a cosmological expansion described by
the Bel function is isentropic (in the usual sense of vector entropy; but in the alternative
description in terms of a scalar ‘proper time entropy’ (Alvarez 1976) this would not be
the case). The existence of this kind of ‘isentropic’ cosmological expansion was claimed
by Schiicking and Spiegel (1970). We will discuss this kind of problem in a forthcoming
paper.

However, we have not solved the problem of the ‘parabolicity’ of the relativistic heat
equation in the usual situation in which PT invariance holds, and, furthermore, in view
of our results, it seems impossible to make PT invariance compatible with the non-
conservation of the energy-momentum tensor in the framework of this simple theory.
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